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Many problems of mathematical physics lead to the study of the behaviour of eigenvalues and eigenvectors of operators singularly depending on a parameter e. In many cases these operators act in spaces which also depend on the parameter s.
An abstract theorem is given here on the behaviour of eigenvalues and eigenvectors of a sequence of operators acting in spaces depending on a parameter e as e->0. This theorem can be applied to study asymptotic properties of eigenvalues and eigenfunctions of boundary value problems for elliptic equations and systems with rapidly oscillating coefficients in perforated domains with a periodic structure, to study spectral properties of a G-convergent sequence of operators, the spectrum of eigenvalue problems in domains with an oscillating boundary and many other problems. We give here the application of this abstract theorem to the Dirichlet problem for elliptic second order equations in a perforated domain and to the problem of the oscillation of systems with concentrated masses.
Let X^ , X^ be separable Hilbert spaces with the scalar products (u 8 , v 8 ) , We assume that spaces X^ , X^ , i; and operators A , A satisfy the following conditions C, -C.. 
C^ -There exist linear continuous operators R :X -> X such that
where the constant At, does nof depend on e.
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A sketch of the proof of this theorem is given in [I], the full proof of theorem 1 and many of its applications to problems of mathematical physics are given in [2] .
As an application of theorem 1, we consider the asymptotic behaviour of eigenvalues and eigenfunctions of the Dirichlet boundary value problem for a second order elliptic equation in a perforated domain with a periodic structure, which is characterized by a small parameter e. This problem was posed by J.L.Lions [3] and considered by M. Vanninathan [4] .
Let Sl 8 be a perforated domain of the form Q 8 = Q n e Q), where Sl is a smooth, bounded domain in IR/ 1 , co is a non bounded domain in IR/\ which is invariant with respect to shifts by vectors whose components are integers and where e o) = [ x : e~1 x e o)}. We assume that the boundary of co is smooth and 0 < e ^ 1. Consider the family of elliptic operators
where a^. . (<^) , 6(<^) are periodic smooth functions with period 1 in IR'
1
. We shall call such functions 1-periodic. Assume that the following conditions are satisfied :
The summation over repeated indexes is assumed. We will characterize the asymptotics of eigenvalues and eigenfunctions as e ->0 for the eigenvalue problem :
.., and (p(^) ^ , ^^ = ŵ here p (<^) is a smooth, 1-periodic function in V^ , p (^) > C = COM^ > 0, eigenvalues are numbered in such a way that A* ^ A* + 1 , yfe= 1, 2 , ... , and every eigenvalue is repeated as many times as its multiplicity. Here H 1 (^£) is the Sobolev space, which consists of functions y, such that:
,./^ l,...,n, and u = 0 on 3^.
•3x, f7 JC .
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Let 0 (^) be an eigenfunction which corresponds to the first eigenvalue A^ of the eigenvalue problem in domain co with 1-periodic structure We represent eigenfunction £7* of problem (5) in the form
It is easy to verify that u , A =1, 2 , .. , has to be an eigenfunction of the c problem : By the introduction of weak solutions of the corresponding degenerate boundary value problem one can reduce the eigenvalue problem (7) to the eigenvalue problem for a compact, selfadjoint operator A in the Hilbert space X . It can be proved that problem (7) has a discrete spectrum which is a non-decreasing sequence of eigenvalues A 1 , A 2 , ... , where A are numbered
with regard for the multiplicity in the same way as for problem (5) .
If u k is an eigenfunction of problem (7) The theory of homogenization can be applied to the operators At (u). We consider now the boundary value problem for operators M (u).
We note that there are no boundary conditions on the boundary 90^0^2. We assume that f e L 2 (Q 6 ) and that u 8 belongs to the space V 6 which consists of functions u such that:
a.Aute)^2^), oA^eL 2^) , ,=l,...,n £ dJC.
Using the Lax-Milgram theorem, one can prove the existence and the uniqueness of a solution of problem (9).
The homogenized problem for problem (9) has the form : (10) M(u) = -pf° inQ , u c H^(Q) where (11) and the problems (12) 
where v 8 is a linear combination of eigen functions of the eigenvalue problem (7), corresponding to eigenvalues A^1,..., ^+ 7n .
In order to prove theorem 2 one has to introduce suitable spaces X^ and X^ and operators A , A such that A / e = u e , A /° = u and ^£ , u are solutions of boundary value problems (9), (10) respectively. One can check that conditions C--C. are satisfied and therefore theorem 1 is applicable. The eigenvalues of problems (7), (13) and problems (1), (2) are connected by the relations :
sing methods of the theory of homogenization, one can estimate the right-hand side of (3) and prove that it is of order e. Therefore, estimates (14), (15) are consequences of (3), (4) .
The full proof of theorem 2 is given in [2].
Let us consider now another example of the application of theorem 1. We shall study asymptotics of vibrating systems with concentrated masses. These problems were considered in [5] - [11] .
Let 0 be a smooth, bounded domain, Q c IR/ 1 , n > 3, 0 e Q and 0 is an origin. Consider the eigenvalue probem:
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In order to prove theorem 3 in the case -oo < w < 2, n > 3, we introduce For X^,Xy ,Ag ,A^ defined as above, conditions €^-04 of theorem 1 are satisfied and theorem 3 in the cas w > 2 is also a consequence of theorem 1.
In a similar way the case m = 2 can be considered. The detailed proof of theorem 3 is given in [2] .
